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Abstract
The influence of spatial geometry on the vacuum polarization in 2+1-dimensional spinor electrody-
namics is investigated. The vacuum angular momentum induced by an external static magnetic field is
found to depend on global geometric surface characteristics connected with curvature. The relevance of
the results obtained for the fermion number fractionization is discussed.
The two-dimensional Dirac Hamiltonian in the case considered has the form
H = −iαµ(x)[∂µ + i
2
ωµ(x)− iVµ(x)] + βm, (1)
where
αµ(x)αν (x) = gµν(x) + isβεµν(x), µ, ν = 1, 2, (2)
gµν and εµν are the metric tensor and the totally antisymmetric tensor of a surface, the values s = ±1 mark
two inequivalent irreducible representations of the Clifford algebra in 2+1-dimensional space-time, Vµ is the
U(1)-bundle connection and ωµ is the spin connection. The total magnetic flux (in the units of 2pi) through
the surface and the total integral curvature (in the units of 2pi) of the surface can be presented in the form
Φ =
1
2pi
∫
d2x
√
gεµν∂µVν = Φ
(+) − Φ(−),
ΦK =
1
2pi
sβ
∫
d2x
√
gεµν∂µων = Φ
(+)
K − Φ(−)K , (3)
where
Φ(±) = lim
ln r→±∞
1
2pi
2pi∫
0
dθVθ(r, θ), Φ
(±)
K = lim
ln r→±∞
1
2pi
sβ
2pi∫
0
dθωθ(r, θ), (4)
r and θ are the polar coordinates and g = det gµν ; in eqs. (3) and (4) we use the fact that a rotationally-
symmetric noncompact Riemann surface has in general the topology of a cylinder. Spinor wave function on
such a surface is subject to the condition
ψ(r, θ + 2pi) = ei2piΥψ(r, θ). (5)
The Dirac Hamiltonian H (1) in the gauge
Vr = 0, ∂θVθ = 0 (6)
1
commutes with the operator
M = −ixµεµν∂ν −Υ+ 1
2
sβ. (7)
Hence a set of functions {ψ} can be defined as the complete set of solutions to the equations
Hψ(x) = Eψ(x), Mψ(x) = jψ(x). (8)
If these functions satisfy the condition (5), then the eigenvalues of the operator M (7) are half-integer,
j = n+
1
2
s, n ∈ Z, (9)
where Z is the set of integer numbers. Thus eq. (7) describes the angular momentum operator — the gener-
ator of rotations in spinor electrodynamics on a rotationally-symmetric surface in a rotationally-symmetric
external magnetic field.
Passing from the rotationally-symmetric gauge (6) to an arbitrary one, we get
H → eiΛ(x)He−iΛ(x), M → eiΛ(x)Me−iΛ(x), (10)
where the gauge function Λ(x) on a noncompact surface with the topology of a cylinder satisfies the condition
Λ(r, θ + 2pi) = Λ(r, θ) + 2piΥΛ. (11)
Taking into account
Vµ(x)→ Vµ(x) + ∂µΛ(x), ψ(x)→ eiΛ(x)ψ(x), (12)
one can find
Φ(±) → Φ(±) +ΥΛ, Υ→ Υ+ΥΛ, (13)
while Φ and Φ(±) −Υ remain gauge invariant.
Let us note that in a two-dimensional space, in distinction to a three-dimensional one, the rotation
group is abelian and the group-theoretical arguments restricting the eigenvalues of the angular momentum
operator to half-integer (and integer for bosons) numbers are lacking. In the case of simply connected surfaces
(topologically equivalent to a plane) we have Υ = 0 and the condition of single-valuedness of spinor wave
functions, which is invariant under regular (ΥΛ = 0) gauge transformations, ensures that the eigenvalues of
the angular momentum operator are half-integer (and integer for bosons). In the case of punctured surfaces
(topologically equivalent to a cylinder), at the same time with eq. (7), it is possible to define the angular
momentum operator alternatively (see, for example, [1])
M ′ =M − Φ(−) +Υ, (14)
the eigenvalues of M ′ (14) on spinor functions satisfying eq. (5) are not half-integer,
j′ = n+
1
2
s− Φ(−) +Υ, n ∈ Z. (15)
The problem of choice between two possible definitions of the angular momentum operator (eq. (7) or
(14)) is beyond the scope of current investigation, since to solve this problem one has to take into account the
dynamics of the vector field Vµ. Let us only note here that in the case of a punctured plane (Φ
(+)
K = Φ
(−)
K = 0)
and the regular (i.e. without the δ-function singularity) part of the magnetic field strength being equal to zero
the option (7) corresponds to the Maxwell dynamics, and the option (14) corresponds to the Chern-Simons
dynamics [2, 3].
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In the secondly quantized theory the operator of the dynamical quantity corresponding to M (7) is
defined in the conventional way
Jˆ =
1
2
∫
d2x
√
g[Ψ+(x),MΨ(x)]− =
∑∫
E
∑
j
e−tE
2
(a+E,jaE,j − b+E,jbE,j)−
1
2
∑∫
E
∑
j
je−tE
2
sgn(E), (16)
where
sgn(u) =
{
1, u > 0
−1 u < 0 ,
a+E,j and aE,j (b
+
E,j and bE,j) are the fermion (antifermion) creation and annihilation operators satisfying the
anticommutation relations, the symbol
∑∫
E
implies summation over the discrete and the integration (with a
definite measure) over the continuous parts of the energy spectrum and the regularization factor exp(−tE2)
(t > 0) is inserted to tame the divergence at |E| → ∞.
The operator of the dynamical quantity corresponding to M ′ (14) is defined as
Jˆ ′ = Jˆ − (Φ(−) −Υ)Nˆ, (17)
where Nˆ is the fermion number operator given by eq. (16) with the unity operator I substituted for M .
The c-number piece of the angular momentum operator in the secondly quantized theory J (16) can be
presented in the following way
<Jˆ>= − 1
2pi
∞∫
−∞
du
∑∫
E
∑
j
jE(E2 + u2)−1e−tE
2
= − 1
2pi
∞∫
−∞
du
∫
dx
√
g tr <x|MHe
−tH2
H2 + u2
|x> . (18)
Using the relation
[M,β]− = 0
and the trace identity
i
2
g−
1
2 ∂µg
1
2 tr <x|αµ MβH0
H20 +m
2 + u2
e−tH
2
0 |x>=
= tr <x|Mβe−tH20 |x> −(m2 + u2) tr <x| Mβe
−tH20
H20 +m
2 + u2
|x>, (19)
where H0 = H |m=0, we get
<Jˆ>= −1
2
sgn(m)e−tm
2
∫
d2x
√
g tr <x|βMe−tH20 |x> +
+
im
4pi
e−tm
2
∞∫
−∞
du
m2 + u2
∫
σ
tr <x| MβH0e
−tH20
H20 +m
2 + u2
|x> εµν(x)dxν , (20)
where σ is the closed contour conditionally bounding a noncompact two-dimensional space (surface) at
infinity. We recall that for the surfaces with nontrivial topology the contour σ can consist of several disjoint
components: for example, if for the infinite plane (trivial topology) the contour σ is a circle of infinite radius
(one-component boundary at infinity), then for the cylinder of infinite length and finite radius (non-trivial
topology) the contour σ consists of two circles of finite radius (two-component boundary at infinity).
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In the case of a noncompact surface with the topology of a cylinder we get
<Jˆ>= −1
2
e−tm
2
[
sgn(m)A(M)(t) + S
(M)
+ (m, t)− S(M)− (m, t)
]
, (21)
where
A(M)(t) =
∫
d2x
√
g tr <x|βMe−tH20 |x> (22)
and
S
(M)
± (m, t) = −
sm
2pi
∞∫
−∞
du
m2 + u2
2pi∫
0
dθ tr <ln r→ ±∞, θ|r√gαθ H0Me
−tH20
H20 +m
2 + u2
| ln r→ ±∞, θ> . (23)
We prove the existence of the asymptotical expansion
<Jˆ> =
t→0+
t−1
∞∑
l=0
Clt
l
2 ,
and calculate the coefficients corresponding to l = 0, 1, 2 (details will be published elsewhere). It turns
out that the coefficients C0 and C1 are depending on Φ
(±)
K but independent of Φ
(±) and Υ. The latter
circumstance allows us to define the renormalized vacuum value as
<Jˆ>ren= lim
t→0+
(
<Jˆ> − <Jˆ>|Φ(±)=Υ=0
)
. (24)
It is clear that this definition ensures the normal ordering of the operator product in the non-interacting
theory (<Jˆ>ren |Φ(±)=Υ=0 = 0).
Let us present the final form for the renormalized vacuum value of angular mometum on a surface with
the topology of a cylinder:
<Jˆ>ren= −1
4
s sgn(m)
[(
Φ(+) −Υ
)2
−
(
Φ(−) −Υ
)2]
−
− 1
2
(
Φ(+) −Υ
)
ξ+
[
m, fract
(
Φ(+) −Υ+ 1
2
)
,Φ
(+)
K
]
− 1
4
τ+
[
m, fract
(
Φ(+) −Υ+ 1
2
)
,Φ
(+)
K
]
+
+
1
2
(
Φ(−) −Υ
)
ξ−
[
m, fract
(
Φ(−) −Υ+ 1
2
)
,Φ
(−)
K
]
+
1
4
τ−
[
m, fract
(
Φ(−) −Υ+ 1
2
)
,Φ
(−)
K
]
, (25)
where
ξ±
(
m, v,Φ
(±)
K
)
=


0, Φ
(±)
K ≶ 1
s {arctg [cth(piR±m) tg(piv)]− sgn(m)v} , Φ(±)K = 1
s sgn(m)
[
1
2 sgn0(v) − v
]
, Φ
(±)
K ≷ 1
, (26)
τ±
(
m, v,Φ
(±)
K
)
=


0, Φ
(±)
K ≶ 1
s
{
− 2pi
v∫
1/2
du arctg [cth(piR±m) tg(piu)] +
+ sgn(m)
(
v2 − 14
)
+ 1piR±m ln
[
1− cos2(piv)
ch2(piR±m)
]}
, Φ
(±)
K = 1
s sgn(m)
[
1
2 sgn(v)− v
]2
, Φ
(±)
K ≷ 1
(27)
4
and we introduce the following notations
fract(u) = u− integ(u), sgn0(u) =
{
sgn(u), u 6= 0
0, u = 0
,
integ(u) is the nearest to u integer;
−1
2
< fract(u) <
1
2
, lim
ε→0+
integ(n+
1
2
± ε) = n+ 1
2
± 1
2
.
Note that the functions ξ+ and ξ− which determine the boundary contribution to the vacuum value of the
fermion number on a surface with the topology of a cylinder have been found earlier in ref.[4] (where they
are denoted as ξ and ξ0 respectively). In the case of the alternative definition of angular momentum (17) we
get
<Jˆ ′>ren≡<Jˆ>ren −
(
Φ(−) −Υ
)
<Nˆ>ren= −1
4
s sgn(m)Φ2 −
− 1
2
Φξ+
[
m, fract
(
Φ(+) −Υ+ 1
2
)
,Φ
(+)
K
]
− 1
4
τ+
[
m, fract
(
Φ(+) −Υ+ 1
2
)
,Φ
(+)
K
]
+
+
1
4
τ−
[
m, fract
(
Φ(−) −Υ+ 1
2
)
,Φ
(−)
K
]
. (28)
The latter expression at fixed values of Φ depends on Φ(−) − Υ ( or Φ(+) −Υ) periodically with the period
equal to 1, which is also peculiar for the renormalized vacuum value of fermion number on a surface with
the topology of a cylinder [5]
<Nˆ>ren≡ lim
t→0+
<Nˆ>= −1
2
s sgn(m)Φ− 1
2
ξ+
[
m, fract
(
Φ(+) −Υ+ 1
2
)
,Φ
(+)
K
]
+
+
1
2
ξ−
[
m, fract
(
Φ(−) −Υ+ 1
2
)
,Φ
(−)
K
]
. (29)
Let us emphasize that the results obtained are invariant under gauge transformations, including singular
ones, ΥΛ 6= 0 (11). The gauge invariance of (25) and (28) is stipulated by the choice of the operators M (7)
and M ′ (14) in the capacity of the angular momentum operator in the first-quantized theory: although the
operatorsM ( M ′ are changed (covariantly, as well as the Hamiltonian H (1) does, see eq.(10)) under gauge
transformations, their eigenvalues, as well as the values of the energy, remain gauge invariant. Expressions
(25), (28) and (29) are also invariant under simultaneous substitution s → −s and m → −m, which means
that the transition to inequivalent representation can be implemented by changing the sign of the fermion
mass.
In the case of a simply connected surface we have
Φ(−) = 0, Φ
(−)
K = 0, Υ = 0,
Φ(+) = Φ, Φ
(+)
K = ΦK , (30)
and the expressions for the renormalized vacuum values take the form
<Nˆ>ren=− 1
2
s sgn(m)Φ− 1
2
ξ+
[
m, fract
(
Φ+
1
2
)
,ΦK
]
(31)
and
<Jˆ>ren=− 1
4
s sgn(m)Φ2 − 1
2
Φξ+
[
m, fract
(
Φ+
1
2
)
,ΦK
]
− 1
4
τ+
[
m, fract
(
Φ+
1
2
)
,ΦK
]
. (32)
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It is instructive to compare the results in two very simple particular cases differing in topology. In the case
of a plane we have the vacuum fermion number [6]
<Nˆ>ren=− 1
2
s sgn(m)Φ (33)
and the vacuum angular momentum [7-9]
<Jˆ>ren=− 1
4
s sgn(m)Φ2. (34)
In the case of a punctured plane and Φ = 0 we have the vacuum fermion number [5]
<Nˆ>ren=
1
2
s sgn(m)
{
1
2
sgn0
[
fract
(
Φ(−) −Υ+ 1
2
)]
− fract
(
Φ(−) −Υ+ 1
2
)}
(35)
and the vacuum angular momentum
<Jˆ>ren=
1
2
s sgn(m)
(
Φ(−) −Υ
){1
2
sgn0
[
fract
(
Φ(−) −Υ+ 1
2
)]
− fract
(
Φ(−) −Υ+ 1
2
)}
+
+
1
4
s sgn(m)
{
1
2
sgn
[
fract
(
Φ(−) −Υ+ 1
2
)]
− fract
(
Φ(−) −Υ+ 1
2
)}2
, (36)
or
<Jˆ ′>ren=
1
4
s sgn(m)
{
1
2
sgn
[
fract
(
Φ(−) −Υ+ 1
2
)]
− fract
(
Φ(−) −Υ+ 1
2
)}2
. (37)
In conclusion we note that the vacuum fermion number induced on a noncompact Riemann surface of
a more general form — topologically finite orientable surface (possessing a disconnected multi-component
boundary at infinity and handles) — was calculated in ref. [5]. The inducing of the vacuum angular
momentum on such a surface will be considered elsewhere.
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